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Abstract – One of the maneuvers that a satellite should be 

able to do is the change of the satellite attitude or its body 

coordinates according to a reference one. This maneuver is 

possible by using the proper control torques and mechanism 

reaction wheels. This system is a multivariable and nonlinear 

system and the coupled equations governing the rotational 

motion of the satellite complicate the problem. In this paper, 

the optimal control policy and the potential advantages and 

disadvantages of both methods are compared using two 

different approaches. In this study, using Mushy State 

Simulated Annealing (MSSA) algorithm as an intelligent 

optimization method, a new concept is presented to face the 

Dynamic Programming approach which is a low speed and 

massive method from computational view. On the other 

hand, the problem is solved based on analytical methods 

discussed in optimized control issues and by integrating the 

Receding Horizon Control (RHC) and Linear Quadratic 

Regulator (LQR) concepts. Then the results are compared. 
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I. INTRODUCTION 
 

The current generation of satellites and spacecrafts 

requires being equipped with the attitude control systems 

to be able to perform duties such as attitude maneuvers 

and tracking. This mission is based on a sequence of 

orbital maneuvers around each control axis which creates 

the desired rotation. Optimal control approach is highly 

regarded in recent researches for attitude maneuver of the 

satellites. These investigations are mainly with the aim of 

optimizing the time and fuel consumptions. Some of the 

applications are given in refs. [1-6]. 

In control of a spacecraft with minimal energy 

consumption, Seywald et al. [7] investigated a fuel-

optimal solution for the reorientation of a symmetric rigid 

spacecraft with independent three-axes controls. Vadali 

and Junkins [4] studied a large-angle reorientation of rigid 

asymmetric spacecraft with multiple reaction wheels in 

which they used an integral of weighted quadratic 

functions as the cost function. In practice, the limitations 

of control input data should be considered. In general, the 

problems of optimal control with limited control for 

symmetrical and asymmetric satellites or spacecraft are 

solved using the Pontryagin’s principle [8]. To find the 

control commands in these problems with optimal control 

approach, many articles use the minimization of a cost 

function in a fixed period [4],[9]-[14]. In this paper, the 

maneuver period is fixed 45 seconds.  

In this study, determination of the control policies is 

discussed using two different approaches. At first, using 

the analytical methods in optimal control with the concept 

of RHC, the problem starts. In each step, the equations are 

linearized around the current situation and the proper 

control command for the considered period of time is 

produced using LQR method and RHC idea. This method 

results in the closed loop control which has a good 

resistance against disturbances and is applicable to a 

nonlinear system. In continue, a new version of simulated 

annealing (SA) method is used in order to intelligently 

determine the control policies in comparison with the 

dynamic programming database which significantly 

reduces the calculations size. 

 

II. LQR METHOD AND RHC ALGORITHM 
 

A. LQR Method 
Linear Quadratic Regulator (LQR) method is a well-

known and basic issue in optimal control theory. For 

decades, many researchers have tried to develop the 

principles of LQR control [15]-[17]. In LQR method, a 

cost function is produced with definition of a standard 

performance measure which is shown in Eqs. (1) and (2). 

Optimal control policies are generated in such a way that 

will minimize the cost function. The cost function can be 

defined as continuous or discrete: 
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Where, H, Q and R are weight matrices that their values 

depend on the relative importance of system states control. 

It is required in the algorithm that some or all system state 

variables converge to zero. The entries of weight matrices 

H, Q and R values are defined and designed proportion to 

the importance of each state variable in having a zero 

value. Thus the state variable that is more important to 

become zero, its corresponding entry in weight matrices is 

larger and its distance from the zero costs more. Therefore, 

the control commands are necessarily produced in such a 

way that the desired mode produces the lowest possible 

cost. In this method, the control commands are generated 

based on the idea of dynamic programming from the end 

to the beginning like a sequence of control commands. So 

the control policies are generated offline. By applying this 
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control series to the system, it is expected that the states 

move and change toward the desired values. 

B. RHC algorithm  
The main concept of the RHC for regulation problems is 

briefly the solution of an optimization problem for a 

limited duration in future and generation of a control 

policy for change in the current system state in which only 

the control commands are selected and applied from the 

generated control series corresponding to the current state. 

This process will be repeated in each period to confirm 

that the time horizon is moving forward in each iteration.  

Because of on-line calculations of control commands, 

RHC has many privileges such as high efficiency in 

tracking, control of uncertainty, solving nonlinear time-

dependent systems [18]-[23]. Moreover, RHC is generated 

based on the current state which causes a closed loop 

control [21]. 

 

III. EQUATIONS & OPTIMIZATION PROCEDURE 
 

In this article, three reaction wheels are assumed for a 

rigid satellite that each of them is installed and adjusted 

along one of the main axes of the body coordinates to be 

able to control the satellite's orientation in space. So the 

dynamic equations governing this rigid satellite and its 

angular momentum of the reaction wheels will be as 

follows: 

132233232111 )()( uhhJJIJ  
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Where, J1, J2, J3 and I1, I2, I3  are the moment of inertia 

of the satellite and reaction wheels about the main axes of 

body coordinate system respectively. 1, 2 and 3 are 

the angular velocities of the satellites body system. The 

relative angular momentum of the wheels around the 

specific body axes are shown with hii=1,2,3andu1, u2, u3 

are the wheels input torques.  

In order to analyze this system, its state vector is defined 

as below: 
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These equations are non-linear and coupled. For 

linearization, it is needed for the nonlinear equations to be 

linearized around the operating points. While in this 

problem, merely the initial and final state of the system is 

obvious.   

 
Fig.1. Euler angle vs. time 

 

 
Fig.2. Angular velocity vs. time 

  

 
Fig.3. Control policy vs. time 

 

Therefore, a solution is needed to produce the operating 

points and linearize the equations around them. The 

method which is used in this paper for creating the 

operating points is that with discretizing and linearizing 

the equations around the initial conditions, control 

commands series are obtained based on LQR method. In 

order to use the LQR method, it is needed to form the cost 

function based on the standard form of LQR problems. 

Due to the discrete approach, the costs function is defined 

as Eq. (2) in which H and Q(k) are real, symmetric, 

positive and semi-definite n by n matrices. R(k) is a real, 

symmetric, positive and definite m by m matrix. n and m 

are the number of system state variables and the number of 

control actions, respectively. N is a real positive number. 
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For the above cost function, the optimum control policy 

between steps N-K to N is obtained by: 
1)]()1()()([)(   KNBKPKNBKNRKNu T
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To calculate the feedback: 
1)]()1()()([)(  KNBKPKNBKNRKNF T

)()1()( KNAKPKNBT 
          

(19) 

In which matrix P will be obtained by: 
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Where P(0)=H and F(N-1) is computable using P(0) 

and Eq. (27). The optimum control policyU
*
(N-1) which 

means the control policy that moves the state to the final 

state is obtained by multiplication of F(N-1) andX(N-1). 

So, as it is observed, the last control policy is computable 

at first. P(1) is obtained by using F(N-1) and Eq. (28) and 

then F(N-2)and consequently P(2). This process will 

continue until primary control policy is produced 

ultimately [24]. Since the system is linearized piece to 

piece, according to RHC approach, only the initial control 

policy is important in order to change the system from the 

current state to the next one and linearize the system 

around the new state.  

Therefore, based on RHC idea for the current system 

state, the corresponding control command is selected 

among the generated control series. By applying this 

control command to the nonlinear system, the new state is 

produced which can be used as the next operating point. 

This is continued through a loop in the program until 

achievement to the final state of zero.  

Fig.1 shows the attitude history with the Euler angle 

changes of the satellite in a 45 second period. As it is seen, 

the angles are regulated from their initial states to zero in 

such a way that the cost function becomes minimized.  

Fig.2 shows angular velocity changes versus time. 

Angular velocities increase from their initial state which is 

zero and will be regulated again toward zero. Fig. 3 shows 

the control policy in 45 seconds.So a rigid satellite is 

rotated optimally from its initial state to the favorite one 

using these control commands.  

 

IV. MUSHY STATE SIMULATED ANNEALING 

ALGORITHM 
 

Various methods are possible for optimization of cost 

function. In order to use the dynamic programming 

approach, it is possible to quantize the system in the 

problem defined space considering the restrictions 

governing the control commands. Then the cost function is 

calculated in different states with various control actions 

by generating a database and finally the optimum control 

policy is found. But because of the large number of states 

and their wide range, the database will be so massive and 

generation of such a database would be virtually 

impossible by means of available computing tools. To deal 

with this problem, intelligent search methods can be used 

to minimize cost functions among possible states and 

control commands. 

In this paper, in addition to analytically prove by 

linearization of the equations around the operating points, 

an intelligent search is also applied by Mushy State 

Simulated Annealing method to obtain the optimal control 

policy. Since linearization in order to solve non-linear 

equations always has some error, soft computing approach 

to achieve optimal control policy will be effective. This 

method has a high capability in convergence to absolute 

minimum among other intelligent methods [25].  

In this section, mushy state simulated annealing method 

is introduced which is used for the first time in his paper 

for non-continuous problems because of its higher 

convergence speed in comparison with simulated 

annealing method.  

Mushy state simulated annealing is a modified algorithm 

of simulated annealing method which is one of the of 

Monte carlo approaches in optimization of multi-variable 

equations. Its name refers to cooling procedure of a molten 

metal near to the freezing point. These revolutionary 

algorithmsare first used in 2009 in solving of a traveling 

salesman problem which is in NP-Complete problem 

category [25]. In this process, the aim is to approach the 

equilibrium state if crystalline structure with minimum 

energy. In a cooling process, the metal is heated to its 

melting point and then slowly cooled in such a way that 

the system is always in a thermodynamically equilibrium 

state [26],[27].   

The main Metropolis scheme in determination of mode 

of heat and power of the primary thermodynamic systems 

is that if the energy change is negative, the new structure 

(energy and temperature) will be accepted otherwise the 

acceptance will be subject to a Boltzmann probability 

function exp(-ΔΕ/κΤ). k is the Boltzmann constant with a 

positive value [28]. This process is repeated until the 

energy is minimized and the system reaches the 

equilibrium state. SA algorithm is controlled by cooling 

schedule parameters. It can give a nearly optimum 

response in a reasonable time. This method is a stochastic 

one which is suitable for mixed discrete problem and 

complicated nonlinearity problems. The most important 

part of SA algorithm is determination of the cooling 

schedule which is summarized in the following steps: 

1. Determine the initial temperature 

2- Determine the final temperature (freezing point) 

3- Determine the cooling schedule 

4- Determine the Markov chain length 
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In different optimization papers, the basic concepts of 

scheduling are determined quantitatively and do not follow 

a specific discipline. In fact, this issue problem dependent 

and the researchers prefer to optimize their algorithm by 

changing the above concepts. In this paper, because of the 

wide search space and the number of the goal function 

variables, a new approach of SA simulating the mushy 

sate is used to decrease the total search time. In SA 

process, the control parameter is temperature. High 

temperature shows the possibility of great changes in cost 

function and movement in search space with long steps or 

movement on the positive slope of goal function is 

possible in high temperatures. In a mushy state simulated 

annealing algorithm, the initial conditions of the problem 

are defined in a way that simulates the state at a 

temperature near to the mushy state temperature. The SA 

parameters need to be redefined for MSSA which are 

discussed in continue. 

A. Definition of initial temperature  
Cooling process which starts from a high temperature is 

a time-consuming procedure. In this paper, it is proposed 

to start the cooling process from a lower temperature with 

lower energy. This condition can be the mushy state 

instead of the molten state. In this state the portion of 

accepted states are less than 10% of the whole tested states 

at the beginning of the algorithm while in melting point 

temperature usually 70% to 97% of the total states are 

accepted [29]-[31]. This temperature is like the freezing 

state but with a proper definition of initial energy level is 

can simulate the mushy state.  

B. Definition of final temperature  
There are several ways to define the freezing conditions 

(convergence conditions) in SA algorithm. Pao [29] used a 

value to define final temperature in which the algorithm 

stops. Thompson [30] obtained the freezing temperature 

like the initial temperature from the acceptance equation 

for 0.01. Chen [31] defined the final temperature so that 

the acceptance probability becomes 10
-10

. In the MSSA, a 

condition in which the minimum and maximum accepted 

values are the same in one Markov chain length is known 

as the final temperature or convergence condition of the 

algorithm. it is shown in ref. [29] that it has more 

efficiency in determination of convergence conditions.  

C.Cooling schedule  
Table cooling schedule is different in various algorithms 

and depends on the functions type and its nonlinearity 

behavior and their changes. Aarts [32] proved the 

convergence of SA algorithm in case of temperature 

reduction based on the following pattern. 

Tk+1 = T0/(1+log(k))               (21) 

In which T0is the initial temperature and k the outer 

iteration cycle in which the temperature changes. But to 

increase the speed, in many researches they have used a 

cooling schedule Tk+1=α×Tkor Tk+1 = Tk/(1+log(k)). Each 

pattern can show an optimal behavior for a specific 

application. So in this paper, in order to gain the best 

accuracy in the least time, the cooling schedule in 

intermediate temperature is a little bit slower than usual 

but the initial temperature has also been decreased. This 

approach significantly decreases the convergence time. 

The cooling schedule in the optimization algorithm is 

considered as Eq. (22). 

Tk+1 = Tk/(1+log(k
0.5

))             (22) 
 

D. Markov chain length  
In this algorithm, by using the memory and the cooling 

schedule, the Markov chain at which the algorithm repeats 

the search process at a constant temperature is considered 

equal to 500. 

E.  Initial energy level  
In this problem, in order to reach the initial energy level 

required for simulation of the mushy state, it is possible to 

guess the change trend of the optimal control commands 

as the simplest form; i.e. linear.to generate this linear 

trend, that is enough to guess two points of the line to be 

able to find the equation of straight line. To generate the 

first point, since the initial system state is specific, we can 

linearize the nonlinear system equations around this state. 

Then produce a control series backward using LQR 

method. The last member of this series is the first control 

command which can be the required first point.  

To change the angle of a stationary satellite from an 

initial state to the final zero one, a torque is needed so that 

the satellite starts a gradual rotation. Since the satellite 

should be in a stationary state at the end of its mission, it is 

obvious that a negative acceleration should be applied 

during the process to stop it. So it is assumed that the 

satellite changes the rotation direction at the middle of 

mission and the optimum control commands are zero at 

that time. This way the second point is obtained with 

which the line equation can be calculated and used in 

MSSA. 

F. Dynamic memory in SA  
A new concept of dynamic memory is used in this paper 

to improve the performance of MSSA. A capability of SA 

algorithm is to intelligently search toward the positive 

gradient changes which prevents the algorithm from 

becoming stuck in local minima. In fact, the ―uphill‖ 

capability not only increases the efficiency of the 

algorithm in search space in comparison with other 

methods, but also highly increases the convergence ratio in 

case if integration with dynamic memory. By keeping the 

memory in the search algorithm, it will be possible to keep 

the best result during the process and search again at 

temperatures nearer to the freezing point based on that. 

This will reduce the probability of passing the suitable 

range without convergence to the optimum response. Too 

high temperature in SA algorithm highly increases the run 

time without considerable effect on the convergence 

accuracy. Inappropriate Markov chain length and cooling 

schedule cause to entrap in local minima as well as 

increase the search time. Freezing temperature has the 

same effect. So there is a correlation among all of the SA 

parameters. The dynamic memory stabilizes the algorithm 

against the effects of other parameters and increases the 

MSSA convergence speed. It saves the best response in a 

buffer and applies it to the algorithm when the Metropolis 

acceptance condition is not achieved in a tenth of Markov 

chain length, so that the algorithm continues searching. 
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Table1 shows the MSSA steps. 

 

V. DISCUSSION AND COMPARISON 
 

Two analytical methods are compared for a satellite; 

linearization method and intelligent search by MSSA 

method. The comparison of results is made by 

linearization in the same number of points and dividing the 

cost function by the number of linearized points. To 

analyze the increase of accuracy and its effects in 

analytical calculations with increasing the number of 

linearized points, the results are calculated with defining 

the operating points from 100 to 1500 points. Table 2 

shows the results obtained by LQR and the average of 

MSSA results for 10 runs. 

δ criteria that shows the improvement percentage of 

MSSA algorithm is defined as Eq. (23).  

𝛿 =  
𝑓 𝐿𝑄𝑅 −𝑓 𝑀𝑆𝑆𝐴 

𝑓 𝑀𝑆𝑆𝐴 
 ∗ 100     (23) 

f is the cost function that will be calculated for the control 

command series by Eq. (2). f(LQR) is the cost function of 

LQR results and f(MSSA) the cost function of MSSA 

results.  

As shown in Table 2, this method gives better control 

commands with less cost in comparison with LQR method 

when there are not many divisions in discretizing process 

(larger time periods). This is one of the privileges of this 

method. By increasing the number of divisions and 

decreasing the time period, the LQR method’s error is 

decreased and the responses of both methods converge. 

Table I: MSSA algorithm steps 
1)  Read initial values for mushy state: initial values for input 

variables vector (P0) at the mushy state energy level, initial 

temperature for mushy state, input amplitude, neighborhood 

radius for input variables, neighborhood radius reduction 

coefficient, markov chain length, Minf=∞, MinP=P0 

2) Calculate cost function for input variables vector f(P0) 

3) Generate a new random variable vector based on the former 

one and current neighborhood radius (Pk+1) 

4) Calculate new cost function for new variable vector f(Pk+1) 

5) Check Metropolis condition: IF f(Pk+1)<f(Pk) THEN accept 

the new vector 

6) IF f(Pk+1)>f(Pk) THEN generate a random number (r) and 

acceptance probability . IF r<p then 

accept the new vector and make the non-accepted variables 

counter zero, otherwise reject the new vector and increase the 

non-accepted variables counter. 

7) IF f(Pk+1)<Minf THEN Minf = f(Pk+1) and MinP=Pk+1. 
8) IF non-accepted variables counter is larger than 1/10 of 

Markov chain length THEN replace the current variable vector 

with the minimum found energy function (MinP). 

9) Increase the Markov chain counter 

10) IF the Markov chain counter is less than the Markov 

chain length THEN repeat the algorithm from Step 3, 

otherwise continue.  

11) Check the freezing (convergence) condition and Stop if 

satisfied. 

12) Change the temperature based on cooling schedule, 

change the neighborhood radius based on the neighborhood 

radius reduction coefficient, make the Markov chain counter 

zero, make the non-accepted variables counter zero.  

Fig. 4 shows the results of Table 2. It is observed that 

the increase of the number of control commands causes to 

decrease the improvement coefficient δ. MSSA algorithm 

has a better efficiency up to 7% in comparison with LQR 

method when the control commands are few in the satellite 

control period. 

 
Fig.4. Improvements of the cost function. 

 

Table II: The results of cost function for the control 

commands obtained by LQR and MSSA methods. 

 
LQR-RHC 

Average of SA 

Optimization 

Ave. of 

Improve

-ment 

No. 

Stages 
Cost 

Cost/ 

Nstage 

Ave. 

Cost 

Ave. 

Cost/ 

Nstage 

δ 

10 0.515 0.051 0.482 0.048 6.842 

20 0.867 0.043 0.819 0.041 5.894 

30 1.232 0.041 1.17 0.039 5.306 

40 1.599 0.04 1.525 0.038 4.85 

50 1.967 0.039 1.891 0.038 4.014 

60 2.335 0.039 2.253 0.038 3.659 

70 2.703 0.039 2.616 0.037 3.329 

80 3.071 0.038 2.978 0.037 3.131 

90 3.439 0.038 3.349 0.037 2.702 

100 3.807 0.038 3.71 0.037 2.603 

200 7.468 0.037 7.353 0.037 1.573 

300 11.101 0.037 10.974 0.037 1.163 

500 18.282 0.037 18.12 0.036 0.895 

600 21.831 0.036 21.647 0.036 0.854 

700 25.353 0.036 25.155 0.036 0.79 

800 28.849 0.036 28.566 0.036 0.989 

900 32.317 0.036 32.028 0.036 0.902 

1000 35.76 0.036 35.448 0.035 0.88 

1100 39.176 0.036 38.811 0.035 0.943 

1200 42.567 0.035 42.127 0.035 1.046 

1300 45.932 0.035 45.466 0.035 1.026 

1400 49.272 0.035 48.738 0.035 1.096 

1500 52.587 0.035 51.982 0.035 1.163 

 

VI. CONCLUSION 
 

In this paper, a cost function was defined by Eq. (2) for 

attitude control of a satellite to find the appropriate control 

commands for its rotation. The control commands and 
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system states have to be generated in such a way to 

produce the minimum cost function. In this paper, the 

optimal control commands for attitude control of a satellite 

are generated by two different methods. First they are 

obtained off-line and on-line for a multi-variable nonlinear 

system by integrating LQR and RHC method. In the 

second approach, the control commands are produced 

using MSSA method so that the minimum cost function is 

obtained. In larger time periods, this method gives lower 

costs and more optimal commands. By decreasing the time 

periods in order to discretize the problem, the costs 

obtained by both methods are converged which approves 

the production of the optimum response with both 

methods. 
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