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Abstract — This paper proposes an approach where it can
be applied to the optimization decision making problems
under various uncertainties and solves a multi-level
fractional programming problem (MLFPP) involving
stochastic parameters coefficient in which some dependent
variables are to be constrained with a predefined probability.
Such problems are called optimization under chance
constraints. In this work, the first phase of the solution
approach, we convert the probabilistic nature (stochastic) of
this problem in the constraints into a multi-level fractional
programming problem (MLFPP). Then the second phase, we
use the 1%order Taylor series polynomial series to convert
(MLFPP) into a multi-level linear programming problem
(MLFPP) for generating a compromise solution for this
problem. In addition, a numerical example is provided to
demonstrate the correctness of the proposed solution.
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I. INTRODUCTION
Multilevel optimization problems have attracted

considerable attention from the scientific and economic
community in recent years. The multilevel system has
extensive existences in management and decision making
fields. Usually, this kind of problems can be solved by
using different mathematical programming techniques [1,
2,3,and 11].

Fractional programming problem is that in which the
objective function is the ratio of numerator and
denominator. These types of problems have attracted
considerable = research  and  interest. = Fractional
programming is useful in production planning, financial
and corporate planning, health care and hospital planning
etc. [2, 7, and 12].

Stochastic or chance constrained programming is an
effective and convenient approach to control risk in
decision making under uncertainty. However, due to
unknown probability distributions of random parameters,
the solution obtained from a chance -constrained
optimization problem can be biased. In practice, instead of
knowing the true distribution of a random parameter, only
a series of historical data, which can be considered as
samples taken from the true (while ambiguous)
distribution, can be observed and stored [4, 8, 9, and 10].

In literature, most studies have focused to solve chance
constrained multi-objective  fractional programming
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problem [2, 5, 6,7, 8, and 9]. In [2], Emam et al.suggested
an approach to convert the stochastic multi-level large
scale fractional programming problem (SMLLSFPP) into
a multi-level large scale fractional programming problem
then using Taylor series avoid the complexity of fractional
nature.

In [5], a qualitative analysis of some stability notions of
multi objective integer linear fractional programming
problem under randomness in the right-hand side of the
constraints only and that the random variables were
distributed. Some of these notions were defined and
characterized.

A parametric study on stochastic multi objective integer
linear programming problems was presented in [6] and the
stability of efficient solutions for such problems has been
investigated. The chance constrained bi-level integer linear
fractional programming problem has been solved by using
Taylor series approach combined with the cutting-plane
algorithm in [7].

In [8], Saad and farag proposed a solution for solving
chance-constrained multi objective integer quadratic
programming problem with some stability notions

In [9], Saad, et al. presented a Taylor series for solving
chance constrained multi objective integer linear fractional
programming problem.

This paper is organized as follows: we start in Section 2
by formulating the model of amulti-level fractional
programming problem with stochastic parameters in
constraint along with the solution concept. Section 3,
transforming stochastic parameters in constraint into
multi-level fractional programming problem is presented.
In Section 4, using the Taylor series approach for to solve
multi-level fractional programming problem is described.
In addition, a numerical example is provided to illustrate
the developed results in Section 5. Finally, conclusion and
future works are reported in Section 6.

II. PROBLEM FORMULATION AND SOLUTION
CONCEPT

The multi-level fractional programming problem with
stochastic parameters in constraints can be formulated as
follows:

[FLDM]

T
Max Fl(x)— GuX* @y
X

= ,(i=12,. N,),
dﬁx+ﬂ1 . ) M
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Where X, , X, solve

[SLDM]
T
cyx+a,
Max F,(x)= 21— (j=12,.,N,),
o 2( ) dZT/-X-FﬂZ (] 2) (2)
Where X, solves
[TLDM]
T
coLX+a
Max F,(x)= 22— (r=1,2,.., N,),
s 3( ) d3TrX+ﬂ3 ( 3) (3)
Subject to
xe[M] “4)
Where

M={xeR"|P{g,(x)= i‘, a,x; <b}>a, 6)
j=l
(x; 2 0),( =1,2,0sm), (j = 1,2,..01)}
In the above problem (1)-(5), X, e R",(i=12,3) be a

vector variable indicating the first decision level's choice,
the second decision level's choice and the third decision
level’s choice.FI, ‘R" > RY ,(i=1,2,3)be the first

level objective function (FLMD), the second level
objective function (SLDM) and the third level objective

(TLDM) N,,N,and N, objective
functions, respectively. M is the feasible set choices
{Cx x,, x5

Furthermore,

function have

P means probability and o, is a
specified probability value. This means that the linear
constraints may be violated some of the time and at most
100 (1-a,)% ofthe time.

For the sake of simplicity, we assume that the random
parameters b (i =1,2,., m) are distributed normally

with known means E {p}

[ and variances JVgr (b} and
independently of each other.

The concept of the efficient solution of a multi-level
fractional programming problem with  stochastic
parameters in constraint is introduced in the following
definition.

Definition 1.

Let M ,M,,M 3be the feasible regions of FLDM,
SLDM and TLDM, respectively. For  any
x e M, = {X||(x|,xz,x3)€ M, } given by FLDM, and
X, € M2 = {xz‘(x“xz’x3)e M2 }given by SLDM, if the
decision-making variable X, € ]M3 = {x}‘(x“)%,xs)e M3 }
is the optimal solution of the TLDM, then ( Xy, Xy, 0, ) isa
feasible solution of a multi-level fractional programming
problem with stochastic parameters in constraint.
Definition 2.

If (xf,x;,x;)is a feasible solution of a multi-level
fractional ~programming problem with  stochastic
parameters in constraint (1)-(5) with probability in
constraints; no other feasible solution ( X)Xy, X, )e M

*

exists, such thatf“(xl*,x;,x}) < f”(x],xzaxS), with at
least one (i = 1,2,.., k,); so (xl*,x;,x;) is the optimal

solution of this problem.

III. CHANCE CONSTRAINED TRANSFORMATION

In this section, we will convert the multi level fractional
programming problem with stochastic parameters in
constraints. The basic idea in treating of this problem is to
convert the probabilistic nature (probability) into an
equivalent deterministic form. In this case, the set of
constraints can be rewritten by using the interesting
technique of chance-constrained programming [7] as
follows:

M'={xeR"| S a,x, <Eb}+K, Var(b,},
=

(xj >0),(i=L12,..,m),(j=12,..,n)}.
Where § |
$(K,)=1-a,; and ¢(a)
“cumulative distribution function” of the standard normal

distribution evaluated at a.
Therefore, the (MLFPP) equivalent to a multi-level

(6)

is the standard normal value such that

represents  the

fractional programming problem with stochastic
parameters in may be formulated as follows:
[FLDM]
T
c,x+a,
Max F,(x)=—2——L (i=12,.,N,),
a (%) ) ( 1) 7)
Where X, , X, solve
[SLDM]
T
CyXx+a,,
Max F,(x)= 21— (j=12,.,N,),
fax 7, (x) dlx+ B, 2 (8)
Where X, solves
[TLDM]
clx+a
Max F,(x)= 22— (r=1,2,., N,),
x5 3( ) dl x+ p, 2 ©)
Subject to
xe M’ (10)

IV. TAYLOR SERIES APPROACH FOR MULTI-
LEVEL FRACTIONAL PROGRAMMING PROBLEM

In the deterministic multi-level fractional programming
problem (MLFPP), we can be transform objective

functions by using 1" order Taylor series into (MLLPP)
for the FLDM, SLDM and TLDM. Then solved linear
programming by simplex method and putting the values of
x,,x, and X, in the objective functions, we can obtain

the optimal solutions.

The proposed approach to solve a multi-level fractional
programming problem (MLLFPP) can be explained as
follows:
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a

Step 1. Determine where ' = (x,. x  )which is
the value that is used to maximized the ;" objective
function F.(x),(i=12. m) where 71 is a number of
the variables.

Step  2: Transform the  objective
F.(x), (i =12., m) by using the 1~
series polynomial series in the following form stated in

([71, [9]) as:

functions
order Taylor

_ . . OF.(x)
F,-(x);F(x):Fl.(xi)+Z?.:1(xj—xl.j) al,xl ,(j=12,3)
J

(11
Step 3: Using simplex method to solve (MLLPP). Then
put the values of X,,X, and X; in the objective functions

to obtain the solutions.

V. AN ILLUSTRATIVE EXAMPLE

To demonstrate the solution of a multi-level fractional
programming problem with stochastic parameters in
constraint, let us consider the following example:

[FLDM]
Max F (x) _ 6x, +3x, +2x, ’
x5 X +x, +x, +4

Where X,,X;solve

[SLDM]

4x, +5x, +2x
Max ITZ(x):#,
© X +x,+x,+5

Where X; solves

[TLDM]
2x, +3x,+5
Max F,(x) AN TN
x X +x,+x,+3
Subject to

M={xeR :(x,x,x,)|

Pr{x, +x, +x; <b,} >0.92,
Pr{2x, +3x, +x, <b,} 2 0.85,
Pr{x, +x, +2x, <b,} 2 0.90,
XXy, X, 2 0}.

thatd,, (i =1,2,3) are

random parameters with the following means and
variances:

Suppose normally distributed

Table 1: The means and variances of (bi)

Random variable b, b, b,
Mean 6 10 7
Variance 9 25 16

From standard normal tables, we have:
K, =Ky =14, K, =K 45=102, K, =Ky =13

For the first constraint, the deterministic constraint is
given by:

X +x, +x, <M = E{h}+ K, (Varib}
=6+1.49

For the second constraint:

2x,43x, +x, <M, = E{b,} + K, \Vari{b,}
=10+1.024/25

For the third constraint:

X+, +2x, M, = E{b}+ K, \[Var{b,}
=7+1.316

Therefore, a multi-level fractional programming
problem with stochastic parameters in constraint can be
understood as the corresponding (MLFPP) written as:
[FLDM]

6x, +3x, +2x
Max Fl(x):#,
% X +x,+x,+4

Where X, ,X;s0lve

[SLDM]
4x, +5x,+2
Max F, (x) i R R} ,
© X +x,+x,+5
Where X; solves

[TLDM]
Max F, (x) _ 2x, +3x, +5x, ’
% X 4+x, +x, +3

Subject to

x, +x, +x; <10,
2x, +3x, +x; <15,
X +x, +2x, <12,
X, %,,%, 2 0.

Now, we can use the 1% order Taylor polynomial series
to convert the (MLFPP) into (MLLPP) for the FLDM,

SLDM and TLDM then Fl* (3,2,1), F; (3,2,2)
F;(2,2,1) as follows:
First, the FLDMsolves his/her problem as follows:

and

NG
0ox,
A
(02 F(x) = FG.2.D+| +(x, -2 032D
ox,
+(x, _1)M
0ox,

F(x)= ﬁ(x) =0.34x, +0.04x, —0.06x, +1.7
Whose solution is (x|, x} ,x! ) =(7.5,0,0)
When putting this value in the objective function we have
F =425

Secondly, the SLDM defines his/her problem in view of
the FLDM as follows:
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ox,
A
F () = Fy(x) = F,(3,:2,2)+| +(x, —2)%
X,
2 RG22
L ox, ]

F(x)= 1’22 (x)=0.15x, +0.24x, - 0.01x, +1.3

Whose solution for the SLDMdoes the same action like
the FLDM (x”, x5 ,x} ) = (7.5,5,0)

When putting this value in the objective function we
have F, =3.625

Third, the TLDMdefines his/her problem in view of the
SLDM as follows:

(xl _ 2) 6173 (2a 23 1)
Ox,
A
F(x) = F(x) = FQ.21 4| +(x, -2) & 2D
0Ox,
+(x, 1) 2D
Ox,

F(x)= FA;()C) =0.02x, +0.14x, +0.4x, +1.2

Whose solution for the TLDM does the same action like
the SLDM (x] ,x] ,x] ) = (7.5,5,6)

When putting this value in the objective function we
have F, =4.45

VI. SUMMARY AND CONCLUDING REMARKS

This paper proposed an approach for solving a multi-
level fractional programming problem (MLFPP) involving
stochastic parameters coefficient in constraints. Such
problems are called optimization under chance constraints.
At the first phase of the solution approach, we converted
the probabilistic nature of this problem into a multi-level
fractional programming problem (MLFPP).At the second
phase, we used the 1 order Taylor series polynomial
series to convert (MLFPP) into a multi-level linear
programming problem (MLFPP) for generating a
compromise solution for this problem. Finally, a numerical
example was provided to demonstrate the correctness of
the proposed solution.
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