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Abstract — Some construction methods of affine resolvable
balanced incomplete block designs and affine resalhble
rectangular type partially balanced incomplete blo& designs
with unequal block sizes are proposed with illustréons,
which are based on the incidence matrices of the kwn
affine resolvable balanced incomplete block designs
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|. INTRODUCTION

The concept of resolvability and affine resolvabilivas
introduced by Bose [1] in the year 1942. A blockida is
said to be resolvable if thb blocks each of siz&k can
be grouped intd" resolution sets ob/r blocks each such
that in each resolution set every treatment isicefdd
exactly once. Bose [1] proved that necessary ciomdior
the resolvability of a BIBD i$ = v + r — 1. A resolvable
block design is said to be affine resolvable if amdly if
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the blocks can be separated into t setsiiof> 2) blocks
such that the set consisting of blocks contains every
treatment exactlyl (>1) times, i.e. the set of ;nblocks

form ap. - replication set of each treatméint= 1,2, ...t).
Furthermore, whep, =....= g (= u, say), it is simply
called p - resolvable fgr>1. We consider only
those(y,, K, ..., H,)-resolvable block designs which have
constant block size within each set. The constdmtkb

size within thel™ set is denoted by for 1 =12,...,t. A

My, W, ..., H,)-resolvable block design with a constant
block size within each set will be said to be affin
My, My -s 1) - resolvable if:

0] For| =1,....,t every two distinct block from the

| set intersect in the same number €hyof treatments.
(ii)

. 'th .

intersects every block of the set in the same number,

sayq, of treatments.

For | #1'=1,.....,t every block from the™ set

It is evident that for affinep(, u,,...,H,) — resolvable

b=v+r—1and any two blocks belonging to differentgesigns

resolution sets intersect in the same number,
g, =k?/v of treatments.

The concept of resolvability and affine resolvabilivas

say,

qll (m _1):k|*(/1| _1) and q||‘rn|‘ = kl*lu|‘ '
In this paper we have proposed construction metbbds

generalized by Shirkhande and Raghavarao [2] to paffine resolvable rectangular type partially bakhc

resolvability and affine p- resolvability. An incqhete
block design with parametens b = St,r = ut, k is said

incomplete block designs with unequal block sizes b
using incidence matrix of an affine resolvable baéd

to be p-resolvable if the b blocks can be divided t sets incomplete block design. Kageyama [19] gave the
of B each, such that each treatment occurs p timeadn e construction method of affine resolvable designshwi
set of blocks. Further, p-resolvable incompletecklo unequal block sizes which were based on the incilen
design is said to be affine p-resolvable if evewot matrices of the known affine resolvable balanced
distinct blocks from the same p - resolution serisect in - incomplete block design. He proved that these desige
the same number, say;, ipf treatments, whereas everyvariance balanced. In this paper we proposed treset

two blocks belonging to different p-resolution set$onstructed designs are efficiency balanced as well

intersect in the same number, say, qf treatments.
Necessary and sufficient condition for the p - heslole
BIB design to be affine pu - resolvable with the dido

intersection numbersgy and Gyisq, =k(¢-1)/(f-1
=k+A-randqg, = uk/ B =k?/v. After this there has
been a very rapid development in the area of exparial

designs. Prominent work has been done by Bailegl.et

[3], Banerjee et al. [4], Calski et al. [5]-[8], Kageyama
[9]-[12], Kageyama et al. [13], [14 ] and many athén

Let us considev treatments arranged in b blocks, such
that the | block contains kexperimental units and"i
treatment appearstimes in the entire design, i =1, 2, ...,
v;j=1, 2, ..., b. For any block design there exst
incidence matrix N =[n;] of ordewvxb, where n;
denotes the number of experimental units in thelpck
getting the ' treatment. Whemij =1 or OV iand j, the

design is said to be binary. Otherwise it is sadbe
nonbinary. In this paper we consider binary bloekigns
notations are used

this area of research; see [15]-_[.18]. _ only. The following additional

The concept of p - resolvability was further gefieeal | _ [kl.kz.----kb]' is the column vector of block sizes,
to (|, M, .., H,) resolvability by Kageyama [11] in 1976. ~ :
A block design is said to k@1, W, ...,H,) — resolvable if [ :[rl,rz, ----- rv]
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replication, Ky, =diag  [kykp,ko], Ry =diag  \where R = diag f.Tr--. 1), K = diag (K, Koy K)

(P Zri =zk,- =nis the total number of Kageyama [10] showed that N is variance balanced

experimental units, with thisl, =r and N'1, = k , where block design if and only if

1,is the ax1 vector of ones. C =nyg ( I, - %1V1V J

An equi-replicate, equi-block sized, incompleteiges . _ . .
which is also balance in the sense given abovalliecc W_he_re_n is the unique non zero eigen value_ of C with
balanced incomplete block design, which is afultiplicity (v=1), I, is the vxv identity matrix,  is
arrangement ob symbols (treatment) into b sets (blocks)V*1vector all of whose elements are one.

each containingk(< v ) distinct symbols, such that any Efficiency Balanced:A block design is called
pair of distinct symbols occurs in exacflysets. Then it is thlfrlr?:t% bf\r]l;a:)nucer? Itfhivfjrgs(i:o:t:/\a/ﬁ:]o{l’]t(;eastza_lmeeﬂleg:‘;l;lisen
easy to see that treatments occur(n 1) setsv,b,r,k, A 9 9

are called parameters of the BIBD and the parameter | o LIS consider the matrix Jgiven by Calhski [5]
satisfies the relationsr =bk, r(k-1) =A(v-1) andb=v
(Fisher’s inequality).

A partially.bglanced incomp[ete block design basad g since MS =uS, whereu is the unique non zero eigen
an m-association scheme, with parameters,r,k, 4 \gjue of M, with multiplicity (v — 1) and M, is given as
(i=12,....m), is a block design witlv treatments anth  (1).
blocks of sizek each such that every treatment occurs in  Calinski [5] showed that for such designs every
blocks and two distinct treatments beid associate treatment contrast is estimated with the same ieffay

M, = R’lNK’lN‘—%]V r 1)

occur together in exactly; blocks. (1 —pw) and N is an efficiency balanced design if and only
Rectangular designs, introduced by Vartak [20], Zre if
associate PBIB designs based on a rectangulariassoc y = _1 2
: o=u(l,-=Lr) 2
scheme ofnn treatments arranged in anxn rectangular n

array such that, with respect to each treatment,filst ~ Kageyama [10] proved that for the efficiency bakhc
associate are the othem — 1(=n, , say) treatments of block design N, €4(2) is fulfilled if and only if

the same column, the second associates are the othe C = (1—,u)(R—£rr D)

n — 1(= n,, say) treatments of the same row and the n

remaining(m — 1)(n — 1)(= ng, say) treatments are the

third associates. For the definitions of PBIB dasand [l. C ONSTRUCTION OF DESIGN MATRIX :
rectangular design along with their combinatorial METHOD |

properties, refer, Raghavarao [21]. Rectangulatigdss

have been studied by Banerjee, Bhagwandas and et N be the vxb incidence matrix of an affine
Kageyama [22], Bhagwandas, Banerj_ee and Kageyamasolvable balanced incomplete block design D with
[23] Kageyama and Sinha [24], Banerjee and Kageya”ﬁ%rameters =2k b=dk—27=2k -1k l=Fk—
[25] and many others. . ! Y
Though there have been balanced designs in variobsand N® is incidence matrix of complem?nt of the
senses (see [26], [6]). We will consider a balaskesign of design D. Then the following incidence matik yields
the following types (i) Variance Balanced (ii) Efftncy an affine resolvable rectangular type partially anaed
Balanced. Out of these two main concepts of bat@nci incomplete block desigd”™ with unequal block sizes.
Rao [27] gives a necessary and sufficient condifmma ; :
general block design to be variance balanced. dheept . i
of efficiency balanced was introduced by Jones [@2&]
the nomenclature “Efficiency Balanced” is due taiRat
al. [26] and Williams [29].The importance of varén . o _ )
balance and resolvability in the context of experital In incidence matriN -, 1, is the v x1 unit vector all of
planning is well known; the former yields optimasigns whose elements are unity ajis the vx1 zero vector
apart from ensuring simplicity in the analysis dne latter 5| of whose elements are zero.

is helpful among other respects, in the recovery of tphe rectangular association scheme havingn

interblock  information.  Also  practical  situations yyeatments (in the present construction methad= 2k
sometimes demand designs with varying block sizes ( 5, = 3) can be arranged in a rectangular array of m

[30]) and affine resolvable design with unequaliogion  .,s and n columns displayed in the following manne

®3)

numbers between sets of blocks; for a practicaimgia, 1 k+1 &K+ 1

see Kggeyama [ 11]. K+ 2 A+ 2 )
Variance BalancedA block design is called variance . .

balanced if and only if it permits the estimatiof al 2'k 4|'( 6'k

normalized treatment contrasts with the same vegian
Let us consider the matri® = R - NK "IN
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Wheren; =m—1,n,=n—1andn; = (m—-1)(n— row of N. So the value ofi, can be calculated a3
1). The resultant design is also affine resolvable as _ ;. _ 4
2/ . . ’
b=v+r—1andk /V is an integer. (c) From structure given in (i) and (ii), we can seat e

Theorem 2.1 :The existence of an affine resolvable  inner product of first row of N with thé3,...4k,
balanced incomplete block design with parameters
v=2kb=4k —2,r =2k —-1,k,A=k —1 (where k is
even) implies the existence of an affine resolvable first row of N with(23,...4k, 4k +2, ...,6k)" row of
rectangular type 3-associates partially balancedriplete

block design with parameters=6k, b’ =12k -3 = R
Ag=(k—1)+k+k=3k—1.

6k -2k, =3k k, =2k, A, =3k-2 4, =2k-1land ,
. Here, 6k treatments are arranged in &kx3
A3 =3k—1; having a rectangular association scheme a@tctangular array such that, with respect to eegdtrent,

4k + 2, ...,6k)th row of N®is k and inner product of

N is(k—1). So the value of/l*s can be calculated as

n, =2k —1,n, = 2,n3 = 2(2k — 1). the first associate are the otl2dr— 1(= n,) treatments of
Proof: Consider an affine resolvable balancedhe same column, the second associates are the othe
incomplete block design D with parameters= 2k,b = 2(= nz) treatments of the same row and the remaining

4k —2,r =2k —1,k,1 = k — 1 and N€ be the incidence 2(2k — 1)(= n;) treatments are the third associates. In the
matrix of the complement of the design D. Under th@resent method of construction the affine resolitgloof
present method of construction, the desitjnyields the the resultant design is easily shown &s,=v" +r" -1,
parameters” =6k, b =12k -3 r =6k-2 kl* —3k and Intersection within the resolution setg =0(l =1,...,r*)
and intersection between the resolution sets

K, =2k, which are obvious. Amo treatments a o ox . . .
2 b viou e q =k ky /v =k (I #£1 =1..,r ). This completes the

rectangular association scheme can be naturallpetbfs
follows. These 6k treatments are arranged in aProof. _ _

rectangular array otk rows and 3 columns such that first Example_ 2.2 'Let us consider an aff!ne resolvable
associates of any treatmerd (say) are (2k — 1) balanced incomplete block design with parameters
treatments other than this treatment of the sarhemog V.= % bh: 6, rh= ﬁ'k ; Z'If - 11V;'th wgcllldencelrgatrlx N
the second associates are other 2 treatments isaime J'V€N through the blocks [2.2), 3.4)], [(1.3),.4%,

row and the remaining(2k — 1) treatments are the third [(1'4.)’ (2,3)] andN® is  the 'complement. of incidence
matrix N. Theorem 2.1 yields an affine resolvable

associates of. Further, the parameterd; (i=1, 2, 3) can rectangular type partially balanced incomplete kloc

be determined as follows: Let us number the rows’ads  design with unequal block sizes and parameters 12,
1,2,..,2k, 2k + 1, ... 4k, 4k + 1,...,6k. In the present =«

construction method ar{g, ¢) pair, with the combinations b :_21 _r =10k :_6' Ko =4 =44 :_3’ /]3? :‘_r)'
The incidence matrix of the resultant design isegias

N N , .
of — or — occurs as given below follows:
N N 10/101010101001310¢%L0110
k-1 Kk K k-l 00010110012 0101101010
TT?”’J 01/100101 100110011010
N:(](J[J[] 0101 10010110106100110
1) (0) (1) \0 @) 0101 011010101010 1001
c_ (O 0 1) (1 N2/@21021010010110010101
N:0 1] lo] 11 |11 0/01110011d01011po0o1o01
1010010101%1001011001
k1 ko ko k4 170/1706/'70 0101 01101Dp1000
N_l 1 0 0 1001010 21 0/10/1001201%001
“11) lo) 1) lo . 01/1001100121001100100
D 1 (o) (0 (i) o 1/01/1 01010010101 10D00 0]
N :(J (OJ (J [OJ The rectangular association scheme is written as
1 5 9
(@) From structure given in (3), in the™ Ipartition 2 6 10
[NIN|N], the inner product of any two rows of 3 7 11
4 8 12

N orN®is(k —1). So the value ofA;can be |nthe above design
calculated as A;=(k—-D+k-D+k-1)+ b =12+10-1= 21g = 0(= 1,...,9)

1=3k-2. =(K) /v =3(1=1,...,8)andq,. =K K, /v =2
(b) From structure given in (i) and (ii), we can seatth % =k o
there is no contribution of first row of N with $ir row

of N€, but the first row of N is contributing with first

(l#1l'=1,...,9). Hence the designs Constructed above
also possess the property of affine resolvability.
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[Il. C ONSTRUCTION OF DESIGN MATRIX : between the resolution setg. =k (I #1' =12....1.) . The

METHOD Il matrix C of the design given in (5) is
=RIl, -NK N’

. C
Kageyama [19] presented a method of constructing The calculation of the efficiency can be done dg¥s

affine resolvable design with unequal block sizes. "
According to kageyama [19], if N be thexb incidence NN =(2k +2)I, +k(J,, = 1,)

matrix of an affine resolvable balanced incompletieck NKIN = 1+ 1 + 2k -1 + 1 + k-1 ( . )
design D with parametevs= 2k,b = 4k - 2,r = 2k -1k, “l2 2k o2k )Y olok ook WY
A=k-1and N° is incidence matrix of complement of g (101 k-1 1

; ing inci ‘ R NK"N=| —+—+—— | —

the design D Then the foIIovv_lng incidence matrm (2 X X ](2k+1) L
yields an affine resolvable variance balanced desig

. . 1 k-1 1
with unequal block sizes ang = 2k . +| —+—= N
d | ke (Zk 2K j(2k+1)( w= )
l,: 4, 0,i N
N T © I S
viYy :_I.V N R™NK™N _Flv r=

In incidence matrixi. , 1, is anvxv identity matrix,

is th i Il of whose el TSI Sk I S (RS Sl I LTS
:_I.V IS the vx 1 unit vector all of whose elements are unit 2" 2k % (2k+l) v 2% % (2|(+]) w v

and O, is the vx1 zero vector all of whose elements are

1

- = (2k+1)J,
4k (2k+1)

zero. For the resolvability in design, the first resolution
L,

set is from(
L,

), second resolution set is from 1 |

1 o RONK™N-=1,r =
n

(6" I") and the remaining resolution sets can be forme

—U =V

by the original partition in the affine resolvaldesign D. (

Furthermore, the affine resolvability of the reanit

1+i+2k_1j 1 I+[—l+k—_1j 1 (I -1,)
2 & 2 J(2k+1) v U2k 2k )(2Kk+D)TT T

design is easily shown, becauselfv+r —1.Here we -1 w
proved that the resultant design given in (5) isoal 4k
efficiency balanced. M. =t [l _1y ]

Theorem 3.1The existence of an affine resolvable ° 2k+1" " 4k~ *

balanced incomplete block design D with parametggnich yields =}/ . This completes the proof.
v=2k, b=4k-2r=2k-1 k, A=k-1 implies the (2k+1)
existence of an affine resolvable efficiency bathblock ~ Example 3.2:Let us consider an affine resolvable
design with unequal block sizes and parameter 4k, balanced incomplete block design with parameters
b= 6k,r =2k +1,ky =2 Ky =2k, A, = gy = 0(1 = v=8b=14,r =7,k = 4,14 =3 with incidence matrix N
’ T TStz T e given through the blocks [(1,2,4,7), (0,3,5,6)R,&5,7),
11 "'1r*)1qll = 1(1I ----:r*)qul = k(l = 31 "'lr*)l QH‘ = k (1,4,6,0)], [(3,4,6,7), (2,5,0,1)], [(4,5,0,7), 63],.,2)],
A#01=3 .. 7r)andm =1/(2k+1). [(5.61,7). (4023), [(6027), (5134)] [037),
Proof: Let N be thevxb incidence matrix of an affine (6,2,4,5)] and N®is the complement of incidence matrix
_ c - . N. Theorem 3.1 yields affine resolvable varianced an
resolvable BIB design D gnm be the incidence matrix efficiency balanced design with unequal block siaes
of complgment of thg de5|gn D. In the present netbid parameters. =16,b. = 241, =9k, =2k, =81 = 4.
construction, the desigl. yields the parametevs = 4k , . : L
) ) The incidence matrix of the resultant matrix isegivas
b. =6k, r =2k+1 ki =2k, =2k; which are obvious. fg|lows:

In the affine resolvable balanced incomplete bldekign cl) ‘1’ g 3 g 3 g 31 3(1’ ég ig 1(1) (1”1) ;(1) ‘1’1 g
D; any (6,¢) pair occurs in A blocks. Thus in the 155 ) 5600010101001 01011001
construction method given in (5), the frequency(@fy 00010000/1001{101001010110
3 000O01O0O0O0:10:i10:01:1 01 0:0 1:0 1:01
pair can be calculated as=k -1+1=k . Here b, blocks 000001001001 100110100101
are separated intp resolution sets, the first resolution set |© © 0000 1 0:10:0 1:0 1:1 0:0 1:1 0:1 0:0 1
. - . »-(00000001:10:10:10:10:10:10:10:10
containsv blocks and the remaining resolution sets hav& =196 000000110101 001100101
only two blocks in each. Furthermore, the affine 010000000 101{1010:10011001
resolvability of the resultant design is easily whoas, 00100000010101:101010:0110
. . CLe . 000100000 1:1210:01:01:120:10:10:001

b. =v. +r. —1= 6k, intersection within the resolution sets |y ; o 0 1 0 0 0i0 10 11 000 11011 0.1 010
gy =0(l =1,....,r.), intersection between first and other |0 000010070 1:1°0/01/10:0 1011010
X X A 0000O0OO0O10:01:1210:10:01:120:01:01:10
resolution sets g, =14 =1,....,r.) and intersection 000000010 1i01:01i0101:0 10101
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The above structure is variance as well as effigien [4]
balanced and the matrix C is given as

C =8[l,5 - 1/16)1,1,] also 7. = 8 and . = 0.1111 5]

IV. RESULTS AND DISCUSSION [6]

The following tables provide a list of affine regable
designs with unequal block sizes fox 25; which can be [7]

obtained by using certain known affine resolvable

balanced incomplete block designs. (8]
Table 1. For Method |

S. * * * * * * * *| m | n| Ref 9

No. | v bl kg ke | A [ A |4 No.” 19

1. | 12| 21| 10| 6 4 4 3 5 4 B R@A
2. | 24| 45| 22 12| 8 8 77 11 § 3 R(1%) [10]

Table 2. For Method Il

Ns. vo [ b n | k| k| A | e | R Ref. No." [11]
0.

18| 12] 5| 2| 4| 2| 4| 02 RO [12]
2 |16] 24] 9| 2| 8| 4 8| 011ll R(5)

3 [ 24] 36| 13| 2| 12 § 12 0.76%R(36),MH(49)

4 | 32| 48] 17| 2| 16 d§ 16 0.0588(53)MH©O7) [13]
5 [ 40| 60| 21| 2| 20| 10 20 | 0.0476 MH(197)

6 | 48| 72| 25| 2| 24 1p 24 | 0.04| R@L7)

The symbols Rd), MH (a) and R (a) denote the [14]
reference numbeo in Raghavarao [21], Marshal Halls
[31] and Rao [32] list. [15]
V. CONCLUSION

[16]

The results given in this paper produce affine Inedde
rectangular type partially balanced incomplete bloc[17]
designs with unequal block sizes. In this resepegier we
have also shown that the affine resolvable desigitis
unequal block sizes are variance as well as effigie
balanced. Further there is a scope to proposereliffe [18]
methods of construction to obtain affine resolvable
designs, which are efficiency as well as variarelamced. (1]
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