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Abstract – In this Paper, by using a mathematical model, 

the analysis of the dynamic response of a linear induction 

motor as an electromechanical system is done. Employing the 

presented model, a feedback control system is proposed to 

analyze the controlled response of the motor. This procedure 

is done by analytical method and PI controller which the 

coefficients of the latter are set by using the particle swarm 

optimization technique. The results show the accuracy of the 

model and the improvement of the objective functions at the 

end of the optimization procedure. 
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I. INTRODUCTION 
 

The history of the Linear Induction Motors (LIM) goes 

back to 19
th

 century, a few years after the discovery of the 

Rotary Induction Motors’ (RIM) principle. In general, the 

operation of a RIM is defined by the interaction of two 

main parts:  the stator (or primary) and the rotor 

(secondary). The stator consists of a cylindrical slotted 

structure formed by a stack of steel laminations [1]. The 

relative motion between the rotating magnetic field and 

the conductors of the rotor induces a voltage in the rotor 

producing currents flowing through the conductors which 

also generates its own magnetic field. The interaction of 

these two magnetic fields will produce an electromagnetic 

torque that drags the rotor in the same direction of the 

magnetic fields [2]. From the RIM principle, the operation 

of the LIM can be explained if one imagines the 

cylindrical slotted structure and the rotor to cut open and 

rolled flat causing the magnetic fields to travel in a 

rectilinear direction instead of rotating. However,  contrary  

to  the  RIM,  the  LIM  has  leading and trailing  edges[3]. 

This specific  characteristic  of  the  LIM  causes  the  so-

called  “end effects” that adversely influences the motor 

performance and basically causes a field distortion at the  

entry  and  exit  of  the  mobile part. Similar to RIM, the 

equivalent circuit model is widely used to study the 

performance of LIM. In literature, many authors have 

modeled the end effect phenomenon. This paper has 

employed one of them to develop the analysis and 

response of the system [4]. LIMs have been used in many 

applications in industry such as [5]: machine tools, 

material handling and storage, accelerators and launchers, 

low and medium speed trains, sliding doors operation, and 

other applications which need rectilinear displacement [6]. 

Different methods have been presented for analysis of the 

LIMs, such as equivalent circuit model (ECM), 1-D and 2-

D electromagnetic field analysis, and numerical methods 

including finite-element and finite-difference methods [7]–

[10]. The motivation for this paper is to implement a 

feedback control system considering the applications and 

conditions similar to aircraft launcher systems. A PI  

controller is used to  regulate  the  power  source  of  the 

system  in  terms  of  the  frequency  and  voltage  

amplitude,  allowing  the  LIM  to overcome certain 

disturbing forces or changes in the desired speed 

reference. The parameters of PI controller are tuned by 

Particle Swarm Optimization algorithm. 

 

II. PERFORMANCE MODEL APPROACH FOR THE 

ESTABLISHMENT OF THE EQUIVALENT CIRCUIT 
 

First, a brief description about the “end effect” is done 

for a better understanding of the system [11]. Then, 

considering this effect, the equivalent circuit model for a 

LIM will be presented similar to the rotary induction 

motor.  Figure 1 illustrates the configuration and some 

important aspects related to the end effects of this 

machine. This figure, shows the end effect as the primary 

moves to the left. The motor is feed by 3-phase currents 

which produce a sinusoidal MMF per unit length and a 

sinusoidal flux density [12],[13]. As the primary moves, 

new material (in the secondary) enters in the leading edge 

of the motor where eddy currents rise to their maximum 

value, and the flux density reduces to zero, and start 

growing with a time constant T2  as the eddy currents fade 

away. T2 is defined as follows: 

𝑇2=
(𝐿𝑚 +𝐿21 )

𝑅21
 (1) 

T2 is called the total secondary time constant. 
 

 
Fig.1. Side view of a Linear Induction Motor (LIM) 

 

The normalized length of the motor is defined as: 

Q = 
𝐷𝑅21

(𝐿𝑚 +𝐿21 )𝑣𝑟
 (2) 
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Now,  the  next  step  is  to  quantify  and  represent  

these  end  effects  into  the  per  phase equivalent circuit 

of the LIM.  According to reference [4], these parameters 

are: 

At  the  entry  section  of  the  primary,  the  

demagnetizing  effect  of  eddy  currents, represented  as  

an  inductor  in  parallel  with  Lm: 

𝐿𝑚
𝐼𝑚𝑒𝑎

𝐼2𝑒𝑎
 = 𝐿𝑚{

𝑄

1−𝑒−𝑄-1} (3) 

The following expression is the modified magnetizing 

inductance: 

𝐿𝑚{1- 
1−𝑒−𝑄

𝑄
} 

(4) 

The current Im  is derived as: Im= Imea+I2ea.  

Ohmic losses due to eddy currents for a resistance R21 of 

the circuit:  

Eddy current losses =𝐼𝑚
2  R21 

1−𝑒−2𝑄

2𝑄
 

(5) 

As the motor passes the rail over, the MMF seen by the 

rail disappears and eddy currents will rise in order to 

maintain the gap flux, as depict in Figure 2. The magnetic 

energy is then dissipated in the resistance, and the power 

loss is defined by the following expression: 

Exit power loss = 𝐼𝑚
2  R21 

{1−𝑒−𝑄 }2

2𝑄
 

(6) 

And adding equations (5) and (6) the ohmic loss due to 

eddy currents is defined by: 

Total ohmic losses due to eddy currents 

in rail =𝐼𝑚
2  R21 

{1−𝑒−𝑄 }

𝑄
 

(7) 

These losses are represented in the equivalent circuit as 

a resistance in the magnetizing branch dependent on the 

vaue of Q : 

R21 

{1−𝑒−𝑄 }

𝑄
 

(8) 

Thus, considering equations (4) and (8), Figure 2 

represents the equivalent circuit of a linear induction 

motor (LIM):  

Where V1 is the phase voltage of the LIM, R1 the 

primary resistance which indicates heating losses in the 

primary coils, L1 indicates leakage flux of the primary, LM 

represents the magnetizing flux linking the primary and 

secondary, R21 the secondary  resistance  referred  to  the  

primary which  indicates  heating  losses  in  the 

secondary, L21 indicates leakage flux of the secondary 

referred to the primary. For sheet secondary single-sided 

LIM, L2 is negligible.  In  DSLIM,  the  back  iron  is  

replaced  with  another  primary; however,  all  the  

relations mentioned previously holds. Also,  𝐿𝑚{1-
1−𝑒−𝑄

𝑄
} 

is non-linear  function  that  represents  the  resultant  

magnetizing  flux  in the air gap. R21 

{1−𝑒−𝑄 }

𝑄
 is non-linear 

function that represents the ohmic loss in the secondary 

due to eddy currents. 

 

 
Fig.2. Per phase equivalent circuit of LIM 

 

By using the presented equivalent circuit model we can 

calculate the normal forces of linear induction motors. The 

normal forces can be divided into two components. The 

first component is due to the attraction between the back 

iron of the primary and the secondary, due to the main flux 

crossing the air-gap which is defined as: 

𝐹𝑣𝑎=𝐾𝑎𝐿𝑚 𝐼𝑀
2 {1-

 1−exp  −𝑄  (3−exp  −𝑄 ))

2𝑄
} (9) 

where Ka is constant. The second component is repulsive 

force between the secondary current I21 and the primary 

which is defined as: 

     Fvr =  Kr

I21
2

d
 

(10) 

In the above equation, Kr is constant and d is the 

distance between the midpoints of the primary and 

secondary current layers. In double-sided linear induction 

motors, the effects of the normal forces canceled each 

other. 

On the other hand, Duncan defines the total thrust of the 

motor as the one generated by the slip currents minus the 

one due to eddy currents, show as follows:  

Motor thrust due to slip currents: 

3I21
2 𝑅21

𝜋

𝜔2𝜏
N (11) 

Motor thrust due to eddy currents: 

I𝑀
2 𝑅21

1−exp (−𝑄)

𝑣𝑄
 N (12) 

Where:  

τ : motor pole pitch.  

ω2: slip frequency. 

 

III/. DYNAMIC ANALYSIS AND STATE-SPACE 

EQUATION 
 

In this section, using the equivalent circuit model, a 

dynamic analysis is done for the LIM. Then, the state-

space equation is derived for control analysis. 

Recalling the following equation for f(Q) as[14]: 

f(Q) = 
1−𝑒−𝑄

𝑄
 

(13) 

we can apply the  Kirchhoff’s voltage law on the  

equivalent circuit shown in Figure 2  and get: 

     𝑉1=𝐼1𝑅1 + 𝐿1
𝑑𝐼1

𝑑𝑡
 + (𝐼1 − 𝐼21)𝑅21f(Q) + 

𝑑

𝑑𝑡
[𝐿𝑚 (1-f(Q))(𝐼1 − 𝐼21)]  

 

 

(14) 

    0 =𝐿2
𝑑𝐼21

𝑑𝑡
+  𝐼21

𝑑𝑅21

𝑑𝑡
+(𝐼21 − 𝐼1)𝑅21  f(Q)  

+ 
𝑑

𝑑𝑡
 [𝐿𝑚 (1- f(Q))(𝐼21 − 𝐼1)] 

 

 

(15) 

     𝐼1 = 𝐼21 + 𝐼𝑚  (16) 
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Where s is the motor slip which is defined as: 

S = 
𝑣𝑠−𝑣𝑟

𝑣𝑠
 (17) 

In the above equation, vr is the rotor speed and vs is the 

synchronous speed which is given as: 

𝑣𝑠 = 2f𝜏 (18) 

 

IV. DYNAMIC SIMULATION OF THE LIM 
 

Simulation of the LIM as an electromechanical system 

is performed using the MATLAB/Simulink. The 

mechanical equation of the system can be written as 

follows: 

m𝑥  + b𝑥 + kx =𝑊𝑒𝑚 -𝑊𝑑 (t) (19) 

where m is the rotor and load mass, b is the damping 

coefficient and k is elastic coefficient. Also, Wem is the 

electromagnetic thrust of the LIM and Wd is a disturbance 

force. the electrical and mechanical parameters are given 

in appendix A. the simulink model of the system is 

illustrated in figure 3. 

 
Fig.3. Simulink model of the studied system 

 

Figure 4, shows the stator and the rotor currents versus 

time.  It is seen that at starting, when the rotor speed is 

zero, the peak initial values of the currents for both of the 

stator and rotor are almost 400 A. After the rotor starts 

moving, the stator current decays to less than half of the 

starting value. It is clear that the rotor speed reaches to 

zero in steady-state. Figure 5 shows the acceleration and 

the speed of the rotor versus time. The maximum value of 

the acceleration occurs at starting which is about 14 m/s
2
. 

 
(a) 

 

 
(b) 

Fig.4. Time response of the LIM (a) Stator current, (b) 

rotor current 

 

 
(a) 

 

 
(b) 

Fig.5. Time response of (a) Acceleration, (b) speed 

 

4.1 The PID Controller 
The PID controller is widely used as a feedback 

controller in industry. It calculates the error between an 

actual (measured) signal and a reference value and then 

minimizes this by adjusting the input of the system. 

The PID controller is defined by the following equation: 

u(t)=𝐾𝑃e(t)+𝐾𝐼  𝑒 𝑡 𝑑𝑡 + 𝐾𝐷
𝑑

𝑑𝑡
e(t) (20) 
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Where u(t) is the output of the PID Controller, Kp, KI and 

Kd are the proportional, integrative and derivative gains, 

respectively and e(t) is the error signal which is defined as: 

e(t)=r(t)-y(t) (21) 

Where r(t) is the reference value and y(t) is the output of 

the system[15]. 

The proportional term is the main gain. It changes the 

cuurent value of the error. A high proportional gain results 

in a large change in the output of the system for a certain 

error. In case of very high value of proportional gain, the 

system can be unstable. The integrative term is sum of the 

instantaneous errors over time which gives an accumulated 

offset to the output of the controller.  The integral is then 

multiplied by the integrative gain and added to the 

controller output to decrease the rise time and eliminate 

the steady state error which cannot be accomplished by 

only with the proportional term. The last term of equation 

(20) facts on the sudden changes in the system such as any 

disturbance or noise which is not considered here. The 

block diagram of the PI controller and linear induction 

motor is shown in Figure 6. 

 

 
Fig.6. The block diagram of the system with PI controller 

 

4.2 PI coefficients tuning by Particle swarm 

optimization  
Particle   swarm   optimization (PSO) is a   stochastic 

search method, which is proposed in 1995 [16-18]. The 

PSO algorithm maintains a swarm of individuals (called 

particles), where each particle represents a candidate 

solution. Particles follow a simple behavior: emulate the 

success of neighboring particles and its own achieved 

successes. The position of a particle is therefore influenced 

by the best particle in a neighborhood, Pbest, as well as the 

best solution found by the particle itself, Gbest. Particle 

position, xi, are adjusted using: 

𝑥𝑖
𝑘+1=𝑥𝑖

𝑘 + 𝑣𝑖
𝑘+1 (22) 

where k represents the step size. The velocity is calculated 

by: 

𝑣𝑖
𝑘+1= 𝜔𝑣𝑖

𝑘 + 𝑐1𝑟1{ 𝑃𝑏𝑒𝑠𝑡𝑖 -𝑥𝑖
𝑘}+𝑐2𝑟2 { 𝐺𝑏𝑒𝑠𝑡 -𝑥𝑖

𝑘}    (23) 

Where   is the inertia weight, c1 and c2 are the 

acceleration coefficients, r1, r2 є U (0,1), Pbesti  is the 

personal best position of particle, and Gbest  is the best 

position of the particles. Note that r1 and  r2   are  random  

numbers. 

 

V. SIMULATION RESULTS WITH PI 

CONTROLLER 
 

In the following analysis, a disturbing force of 100% of 

the nominal load with a value of 1000 N is applied to the 

system at time 2s (see Figure 7). It is also seen in this 

figure that this opponent force reduces the rotor speed Vr 

from the reference value of 12m/s to 11.8m/s. Then the PI 

controller is activated before 3s, and leads the system to 

reach the reference rotor speed in an interval of 0.2s. 

Figure 8, shows the response of the rotor speed with PI 

controller which is tuned by PSO. The results of this figure 

show that the disturbances and the frequency changes are 

reduced in this case which confirm the effectiveness of the 

PSO algorithm. 

 

 
Fig.7. PI Controller response, manually tuned 
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Fig.8. PI Controller response, tuned by PSO 

 

VI. CONCLUSION 
 

In this paper, the analysis of the dynamic response of the 

linear induction motor as an electromechanical system is 

done. A control strategy based on PSO technique is 

proposed to control the motor. To investigate the 

effectiveness of the proposed method, the dynamic model 

of the motor and the controller is simulated in 

MATLAB/Simulink environment. According to the 

obtained results, the PSO based PI controller has better 

accuracy and performance in comparison with the 

conventional PI controller. 

 

APPENDIX A 
 

Parameters and quantities for the LIM 

R1 

(ohms) 

R2 

(ohms) 
L1(H) L2(H) Lm (H) D (m) 𝛕(m) 

Vs 

(m/s) 

M 

(kg) 

V 

(Volt) 

F 

(Hz) 
Parameters 

0.641 0.332 0.0029 0.0012 -0.064 0.574 0.0867 10.4 300 9.36 60 LIM 
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