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Abstract – A comparative study is performed on different models currently employed for turbulent Prandtl number. 

The analytic nature of the solution methodology here utilized, the integral transform technique, associated to two-

distinct solution procedure for fully developed turbulent flow, allowed to isolate the turbulent Prandtl number as mains 

source of discrepancies between measured and calculated values for the Nusselt number. This study permits the 

establishment, within a compatible error criterion with those inherent to experimental correlations, of those models 

that present best performance in simulations of different fluids of interest in engineering practice. The correlations 

evaluated are the result of experimental data, and the theoretical models were developed for compatible situations. 

This is therefore a theoretical-experimental evaluation for the turbulent Prandtl number in internal forced convection 

in ducts. The computational implementations were performed in Fortran language [Direct implementation: - Microsoft 

Fortran PowerStation Version 4.0 (1995), and through IMSL routines]. 

Keywords – Turbulent Prandtl Number, Integral Transform Technique, Thermal Entrance Region, Internal Forced 

Convection. 

I. INTRODUCTION 

Since Boussinesq, in 1877, introduced the concept of turbulent viscosity, influenced by the theory of gases, it 

has been extensively used. However, some limitations in the models have been detected for years and this has 

suggested to all that follow the evolution of turbulent flow modeling that the use of turbulent diffusivity models 

is no longer feasible in complex flows. Launder, B. E. and Spalding, D. B. (1974), Launder, B. E. (1988) present 

the main limitation of the concept of turbulent viscosity. Although the arguments restrict the use of models that 

use the concept of turbulent diffusivity, they do not make it useless in models of great engineering interest, such 

as long duct flows, where the turbulent boundary layer and the diffusion of momentum and heat mainly occur in 

the direction normal to that of the main stream.  

As argued by Kays (1994), flow simulations using turbulent models of higher complexity level, where the 

boundary layer equation is valid, become absurdly complex. In addition, Direct Numerical Simulation - DNS, in 

these cases, is restricted to low Reynolds and Prandtl numbers. For practical reasons the use of turbulent models 

that use the concept of turbulent diffusivity, still today, becomes necessary for the solution of important problems 

of the engineering area. 

Assuming the fact that turbulent flow models using the turbulent viscosity, concept are already fully established 

in various engineering fields, the questions posed by Kays (1994) are: 

1- How important is the turbulent Prandtl number? 

2 - How accurate and usable are the experimental results and correlations available for the turbulent Prandtl 

number in any molecular Prandtl number range for forced convection in ducts? 

The first question has already been answered, with the power of the arguments of Kays (1994), when it was es- 
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-tablished the fact that turbulent diffusivity models will be necessary to solve engineering problems for a long 

time.  

The second question, the main objective of the present study, requires in-depth analysis of the available data so 

that it can be answered.  

In fact, the need for precise models for determining turbulent Prandtl number, which close the transport 

equations, is still very important Dan Li, Elie Bou-Zeid (2011), Dan Li et al. (2015); Subhas et al. (2010); Basim 

et al. (2007); Grachev, A., E. et al. (2007), Shah, S. K., and E. Bou-Zeid (2014). 

Works has been performed on Direct Numerical Simulation - DNS of the Navier-Stokes equations and energy 

equation Dan Li, Elie Bou-Zeid (2011), Shah, S. K., and E. Bou-Zeid (2014), Kim e Moin (1987), Bell (1993), 

Lyons (1991), Kasagi (1992), and second-order transport equations for speed and temperature fluctuations 

Launder (1974), Launder (1988), Demuren (1990). The main objective of the works cited has been the 

determination of turbulent diffusivity and the turbulent Prandtl number in an indirect way, in counterpart to those 

obtained experimentally. These works provide more precise numerical information and data, which enable more 

elaborate and refined experiments, especially in the region near the duct surface, where experimental techniques 

are less precise. 

Since the use of Direct Numerical Simulation - DNS and second order transport models are still restricted, for 

practical reasons, as discussed earlier, the above-mentioned studies, associated to DNS, emphasize and reinforce 

the importance, and necessity, of the turbulent Prandtl number.  

As a further argument that Direct Numerical Simulation (DNS) data continue to feedback and contribute to 

better and more accurate correlations for the turbulent Prandtl number, we can cite the works of Basim (2007), 

Grachev, A., E. et al. (2007), Subhas et al. (2010), Dan Li (2015) and Shah, S. K., and E. Bou-Zeid (2014). 

Basim et al. (2007) conducted a study to determine the turbulent Prandtl number in the range of 1.0 <Pr <600, 

under Reynolds number flow conditions in the range of 104 <Re <105, through analyzes of experimental results 

and theoretical studies of other authors. A semi-empirical correlation is obtained for the turbulent Prandtl number 

and applied to determine the coefficient of heat transfer. The main conclusion of the work is that the thermal 

sublayer thickness decreases with the addition of the Reynolds and Prandtl numbers. In addition, they conclude, 

that the turbulent Prandtl number is of fundamental importance in the precise determination of the heat transfer 

coefficient, and that the hypothesis of turbulent Prandtl number equal to unity is inconsistent for Pr> 1.0. 

Sbhas et al. (2010) obtains a correlation for number of turbulent Prandtl (Prt) from the kinetic energy equations. 

They demonstrate that the appropriate formulation for Prt is suitable even for non-stationary, stratified flow 

regimes. They conclude that the formulation for the turbulent Prandtl number is useful to be used by numerical 

models and should be applicable for the improvement of turbulence models. 

Dan and Li (2015) carry out a study on the turbulent Prandtl number in surface atmospheric boundary layer. 

The results obtained suggest that the deviation observed in the turbulent Prandtl number predicted in previous 

studies Reynolds (1975), on neutral conditions, is induced by dissimilarities between amount of movement and 

heat, in terms of the Rotta constant. They suggest that theories that use the concept of similarity may fail to predict 

properties associated with the mean flow.  
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As shown in the above discussion, the theoretical study of heat transfer mechanisms, with turbulence models 

based on the concept of turbulent viscosity, is closely linked to the availability of realistic models for the Turbulent 

Prandtl number (Prt). Experimental studies related to the precise determination of the turbulent Prandtl number, 

for many situations of practical interest, are being carried out, in spite of the great advance observed in the models 

that use Direct Numerical Simulation (DNS). 

Reynolds (1975) performed a thorough review of the turbulent Prandtl models available in the literature for 

fluids of interest in engineering. It found and discussed the inconsistencies between the various models available, 

especially for the region near the duct wall, where the experimental measurements and the Direct Numerical 

Simulation results present large discrepancies.  

Jischa and Rieke (1979) have established some important characteristics for the turbulent Prandtl number. They 

determined that for molecular Prandtl number (Pr) much smaller than the unit (liquid metals), Prt is very dependent 

on Reynolds number and molecular Prandtl, and takes values higher than unity. For Pr >> 1, the Pr t assumes 

values smaller than the unit and presents great variation in the direction normal to the main flow. 

The present analysis used the Integral, Classical Mikhailov and Ozisic (1984) and Generalized Cotta (1993), as 

a method of solving the energy equation for internal forced convection in the thermal input region. The mentioned 

techniques, associated with two distinct procedures, were used to determine the fully developed velocity field and 

temperature field in development Nogueira (1993); Pimentel and Cotta (1993). The analytical nature of the method 

and the previous success in the use of turbulent viscosity models allowed isolating the turbulent Prandtl number 

as the main source of observed deviations between the theoretical Nusselt number and those derived from well-

established empirical correlations. The analysis method allowed to establish, within a compatible error criterion 

presented by the correlations, the models that present the best performance, in each molecular Prandtl number 

range analyzed.  

Therefore, an analysis of the thermal input region for liquid metals, gases and oils was carried out. The effect 

of the Reynolds number, and the boundary conditions on the duct wall, were also considered in the analysis. Based 

on the results of the study, the characteristics required for the Prt models were detected, so that they can adequately 

represent the mechanisms of heat transfer. 

II. THEORETICAL ANALYSIS 

The problem of internal forced convection in circular section ducts in the thermal input region is represented 

by the equation of energy in the dimensionless form Nogueira (1993): 

(
𝑙0

𝑙𝑛

) ∁𝑅𝑈(𝑅)
𝜕𝜃(𝑅, 𝑍)

𝜕𝑍
=

𝜕

𝜕𝑅
[𝑅𝐸ℎ(𝑅, 𝑈(𝑅))

𝜕𝜃(𝑅, 𝑍)

𝜕𝑍
]        0 ≤ 𝑅 ≤ 1, 𝑍 > 0                                            (1. 𝑎) 

with the following input and boundary conditions: 

𝜃(𝑅, 0) = 𝐹(𝑅),     0 ≤ 𝑅 ≤ 1                                                                                                                                           (1. 𝑏) 

𝜕𝜃(0, 𝑍)

𝜕𝑅
= 0, 𝑍 > 0                                                                                                                                                     (1. 𝑐) 

𝛼∗𝑙0 [𝜃(𝑅, 𝑍) +
𝑇∗

∆𝑇
] + 𝛽∗𝐸ℎ[𝑅, 𝑈(𝑅)]

𝜕𝜃(𝑅, 𝑍)

𝜕𝑅
= ∅(𝑍) ,   𝑅 = 1 , 𝑍 > 0                                                             (1. 𝑑) 
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at where 

𝐸ℎ[𝑅, 𝑈(𝑟)] = 1 +
𝑃𝑟

𝑃𝑟𝑡

𝜀𝑚[𝑅. 𝑈(𝑅)]

𝜗
                                                                                                                                (1. 𝑒) 

𝑍 =
𝛼𝑧

𝑢𝑙𝑛
2   , 𝜃(𝑅, 𝑍) =

𝑇(𝑟, 𝑧) − 𝑇∗

∆𝑇
                                                                                                                        (1. 𝑓) 

𝐹(𝑅) =
𝑓0(𝑟)−𝑇∗

∆𝑇
  , 𝑅 =

𝑟

𝑟𝑤
  , 𝑙0 = 𝑟𝑤   𝑒  𝑙𝑛 = 2𝑟𝑤                                                                                                        (1. 𝑔)       

For the prescribed temperature in the wall we have: 

𝑇∗ = 𝑇𝑤(𝑧), ∆𝑇 = 𝑓0(0) − 𝑇∗                                                                                                                                   (1. ℎ) 

and for prescribed heat flow: 

𝑇∗ = 𝑓𝑜(0) , ∆𝑇 =
∅(𝑧)𝑙𝑛

𝑘
                                                                                                                                                (1. 𝑖)  

Where 𝑈(𝑅) and 𝜃(𝑅, 𝑍) represent the developed velocity fields and the developing temperature field, 

respectively. The parameters α* and β* enable simulation of the condition in the duct wall (for α* = 0 and β* = 0, 

we have a prescribed temperature condition, and for α* = 0 and β* = 1 we have the prescribed heat flux). The 

radius of the tube corresponds to 𝑟𝑤  and C = 2.0 for all conditions analyzed. 

The solution of the problem (1.a) above depends on the solution of the hydrodynamic problem, represented by 

the quantities 𝑈(𝑅) and 
𝜀𝑚[𝑅.𝑈(𝑅)]

𝜗
 , and a model suitable for the turbulent Prandtl number (Prt). If we assume that 

the solution to the velocity field is known and sufficiently accurate, the only unknown parameter to solve the 

problem is the turbulent Prandtl number. The proper choice for Prt will allow the solution of the temperature field.  

In this analysis the velocity profiles are defined as Nogueira (1993) and Pimentel and Cotta (1993), and the 

temperature field is determined through the application of the Classical Integral Transform Technique - ITT 

Nogueira (1993) and the Generalized Integral Transform Technique - GITT Pimentel and Cotta (1993). Several 

models for the turbulent Prandtl number were considered for the comparative analysis.  

The determination of the thermal field makes it possible to obtain the coefficient of heat transfer, or its 

equivalent dimensionless number, that is, Nogueira (1993): 

𝑁𝑢(𝑍) =
ℎ(𝑧)𝑙𝑛

𝑘
= (

𝑙𝑛

𝑙0

)
Φ(Z)

𝜃(1, 𝑍) − �̅�(𝑍)
                                                                                                                         (02) 

A number of empirical correlations obtained in the literature were considered for comparisons with the 

theoretical Nusselt number above. 

III. RESULTS AND DISCUSSION 

The different behaviors of the turbulent Prandtl number (Prt), as suggested by Jisha and Rieke (1979), motivated 

analysis of Prt models by molecular Prandtl (Pr) numbers. 

A careful theoretical-experimental study was developed by Lawn (1977) on liquid metals (Pr << 1). Reynolds 

(1975) has presented a list of turbulent Prandtl number models that are applicable to this class of fluids. Figures 1 

and 2 present a comparison between the Nusselt number determined using different models for Prt and the one 
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obtained from Notter and Sleicher (1972) for temperature and heat flow conditions prescribed in the wall of the 

duct, respectively. It is observed, in these cases, that the Prt models analyzed present great discrepancies among 

themselves in the region near the wall. However, the theoretical Nusselt number, especially for Reynolds numbers 

less than 105 (ReD <105), are not affected dramatically by these differences. The model suggested by Reynolds 

(1975) presented the best performance in the range of Reynolds number analyzed. The greatest deviations, in this 

case, were of the order of 8% to 11% in the range of 105 <ReD <106. In the range of 104 <ReD <105 the highest 

observed deviation was of the order of 5%. 

 
Fig. 1. Infinite Nusselt number for uniform temperature on the wall (Pr = 0.02). 

 
Fig. 02. Infinite Nusselt number for uniform heat flux in the wall (Pr = 0.02). 

It can be seen, Figures 01 and 02, that the correct determination of the heat transfer coefficient in liquid metals 

is not affected by the turbulent diffusion process near the duct wall, for relatively low Reynolds numbers. This 

fact can be verified by the excellent results presented by the Reynolds models (1975), and by the good results 

obtained by the Na and Habib (1973) and Kays (1994) models. It is observed that in this case the molecular energy 

transport, represented by Pr, supplants the turbulent diffusive transport, mainly for low Reynolds numbers. 

According to Kader (1981), only in the region defined by y+> 2/Pr the turbulent diffusive transport participates 

in the overall mechanism of energy transport. 
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Fig. 3. Nusselt for uniform temperature in the duct wall (Pr = 0.004 and Pr = 0.04). 

 
Fig. 4.  Local Nusselt number for uniform heat flux in the duct wall (ReD = 104 and Pr = 0.04 and ReD = 5.105 and Pr = 0.004). 

The results presented in Figures 03 and 04 confirm the excellent performance of the Reynolds model (1975), 

when different procedures were used to determine the hydrodynamic field [Pimentel and Cotta (1993); Nogueira 

(1993)]. The largest deviations observed for the local Nusselt number, in relation to the correlation proposed by 

Das et al. (1995), occurs in  Z/D = 1.0, with percentage differences of the order of 7% for the prescribed 

temperature condition and 10% for the prescribed heat flow condition. As Youssef et al. (1992), the influence of 

the boundary conditions on the portion of the heat flux due to the turbulent diffusivity and, consequently, on the 

Prt, is notorious near the solid surface. However, as discussed previously, for liquid metals, in this region the 

molecular energy transport supplants the turbulent diffusive transport. In this class of fluids, a correction in the 

Prt due to the boundary conditions would not lead to an appreciable modification in the coefficient of heat transfer. 

According to Kader and Yaglu (1972), the thickness of the conductive sublayer for Pr≈1 can be established by: 

𝑦1
+ ≅

10

𝑃𝑟
1
3

    ,        𝑃𝑟 ≈ 1                                                                                                                                                     (03) 

For higher values for molecular Prandtl number, Kader (1981) recommends the following expression for the 

determination of the conductive layer thickness: 

𝑦1
+ ≅

12

𝑃𝑟
1
3

    ,        500 < 𝑃𝑟 < 40 . 103                                                                                                                           (04) 
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The last relationships shown above demonstrate that for fluids with Prandtl number close to the unit (Pr ≅ 1), 

the precise determination of turbulent Prandtl number in the logarithmic region is vital for the correct 

determination of parameters related to heat transfer.  

For high Prandtl numbers (Pr >> 1), when the conductive sublayer is immersed in the viscous sublayer, the 

precise determination of the Prt behavior in the y+<5 region is decisive for the correct determination of the Nusselt 

number.  

The works of Laufer (1954) and Klebanoff (1965), and the good results obtained by Kays (1994) for Nusselt 

number in Pr >> 1, suggest that the turbulent viscosity variation in the y+<5 region must be established per: 

(
𝜀𝑚

𝜗
) = 10−3𝑦+3

                                                                                                                                                                   (05) 

as opposed to the variation 𝑦+4
, suggested by the Van Driest damping factor. 

The theoretical Nusselt numbers calculated with the use of Equation 05 for y+<5 are presented in Figure 05, 

according to the Prt models used in the works of Nogueira (1993) and Na and Habib (1973), in relation to numbers 

of Nusselt obtained through the correlation of Gnielinski (1976). The results obtained through the models of Kays 

(1994) and Nogueira (1993) show good agreement with the empirical results, with a maximum error of 4%.  

The model of turbulent diffusivity proposed by Nogueira (1993) assumes Pr t=1.07 at y+<40, as suggested by 

the results of direct numerical simulation of Kim and Moin (1987), and assumes Prt as suggested by Wassel and 

Catton (1973) for Y+>40. The model adopted by Kays (1994) assumes Prt=1.07 in y+<5, and the model of Kays 

and Crawford (1993) in y+>5.  

The model of Na and Habib (1973) was used in this analysis above the range of values of Pr suggested by the 

authors. However, the model presented satisfactory results in Pr <100. The results suggest that the use of wall 

correction (Prt = 1.07), imposed by Nogueira (1993) and Kays (1994), can extend the range of values of the model 

Na and Habib (1973) to values higher to the number of Prandtl (Pr), ie up to Pr≅100. 

Figures 06 and 07 present, respectively, the results for asymptotic Nusselt number (𝑁𝑢∞) at 0.7 <Pr <1000, and 

a thermal input region analysis for 0.7 <Pr <50. For these simulations the model proposed by Na and Habib (1973) 

was changed to Prt = 1.07 in y+<5. Comparisons made through empirical correlations for the local Nusselt number 

Al-Arabi (1982) and asymptotic Nusselt number Ginielinski (1976) confirm the validity of correction. 

 
Fig. 05. Nusselt Number x Prandtl Number (ReD = 5.104, ReD = 2.105, ReD = 5.106). 
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Fig. 06.  Infinite Nusselt number versus Prandtl number calculated by modified Na and Habib correlation. 

The modeling of Na and Habib (1973), with change from Prt = 1.07 to y+<5, is quite attractive, since the model 

showed good results for liquid metals, gases and liquids (Figures 1 - 5). However, as has been shown, the change 

of the model close to the wall does not affect the results obtained for number Pr <15, since the turbulent diffusivity 

near the wall (y+<5) does not significantly affect the heat transfer mechanism for these fluids. 

 
Fig. 7. Local Nusselt number calculated by modified Na and Habib correlation (1973). 

IV. CONCLUSIONS 

The evidence presented through this analysis makes it possible to clarify the reason why Prt models, with 

different characteristics, produce satisfactory results in the calculation of the heat transfer coefficient.  

In the range of Pr<<1 (liquid metals) the behavior of such models should be similar in the region near the center 

of the tube, being a predominantly function of Reynolds numbers and molecular Prandtl number.  

In the range of Pr<<1 (liquid metals) the behavior of such models should be similar in the region near the center 

of the tube, being a predominantly function of Reynolds numbers and molecular Prandtl number. 

In the molecular Prandtl range close to the unit (gases and liquids), the behavior of the Prt models must be 

compatible in the logarithmic region, so that the predictions are approximately the same.    
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The results show that the modified model in the region y+<5 for Prt =1.07, associated to the procedures 

recommended, for calculation of fully developed flow velocity profile, and the modification of the turbulent 

viscosity, allows the determination of the heat transfer coefficient throughout the range of molecular Prandtl 

numbers, with reasonable precision, for internal forced convection in circular section ducts. 
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